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�� 		− no. batches	of	P1	produced	per	week (P1=8-foot glass door with aluminum framing)�� 		− no. batches	of	P2	produced	per	week (P2=4×6 foot double-hung wood framed window)Z					−		total	profit	per	week	 (in thousands of dollars) from	producing	these	two	products
Linear Linear Linear Linear ProgrammingProgrammingProgrammingProgramming (LP) (LP) (LP) (LP) ModelModelModelModel::::																																� �	! = 3�� + 5��

&. '. ( �� 																		≤ 4																2�� 	≤ 123�� 	+ 				2��	 ≤ 18��, �� ≥ 0

Prototype Prototype Prototype Prototype ExampleExampleExampleExample 1111
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DefinitionsDefinitionsDefinitionsDefinitions I (I (I (I (RecallRecallRecallRecall))))

SolutionSolutionSolutionSolution of an LP – a vector of Rn which components are the values of the variables;

Feasible Solution Feasible Solution Feasible Solution Feasible Solution (FSFSFSFS) – a solution that satisfies all the constraints (functional and sign); 

Non Feasible Solution Non Feasible Solution Non Feasible Solution Non Feasible Solution (NFSNFSNFSNFS) – a solution that does not  satisfy at least one of the constraints;

Feasible Region Feasible Region Feasible Region Feasible Region (FRFRFRFR) – the set of all feasible solutions; 

Optimal SolutionOptimal SolutionOptimal SolutionOptimal Solution (OSOSOSOS) – a feasible solution that gives the best value to the objective function (OF)  

(the best value=maximum or minimum);

Optimal value Optimal value Optimal value Optimal value – the value of the objective function at an optimal solution;

Binding constraintBinding constraintBinding constraintBinding constraint in a solution – a constraint that hold with equality at that solution;

To solve an LP  To solve an LP  To solve an LP  To solve an LP  is to determine the optimal solution (or solutions) and the optimal value or to 

conclude that an optimal solution does not exist and why. 

4

Linear Programming



Prop 1:Prop 1:Prop 1:Prop 1: The Feasible Region of an LP problem is either an empty set or a convex set.

Prop 2Prop 2Prop 2Prop 2:::: If the Feasible Region of an LP problem is nonempty and boundedis nonempty and boundedis nonempty and boundedis nonempty and bounded then at least an an an an 

optimal solution existsoptimal solution existsoptimal solution existsoptimal solution exists.

Prop 3:Prop 3:Prop 3:Prop 3: If an LP problem has optimum then at least one of its corner point feasibleat least one of its corner point feasibleat least one of its corner point feasibleat least one of its corner point feasible solutions 

(CPF) is an optimal solutionis an optimal solutionis an optimal solutionis an optimal solution.

Prop 4Prop 4Prop 4Prop 4:::: Given an LP Problem with optimum, if a CPF has no adjacent CPF with a better value for 

the Objective Function then that point is an optimal solution.

PropertiesPropertiesPropertiesProperties ((((RecallRecallRecallRecall) ) ) ) 

Linear Programming
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Prop 3Prop 3Prop 3Prop 3:::: If an LP problem has optimum then at least one of its corner point feasible solutions (FCP) 

is an optimal solution. ((((RecallRecallRecallRecall ))))

5 constraints 2 binding

maximum /�0 = 0!�! 02� ! 	solutions !

Feasible ?
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Prop Prop Prop Prop 4444:::: Given an LP Problem with optimum, if a FCP has no adjacent FCP with a better value for 

the OF then that point is an optimal solution....(((( RecallRecallRecallRecall))))
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In this course

Simplex method to solve LP problems in the standard standard standard standard formformformform and nonnegativenonnegativenonnegativenonnegative rightrightrightright----handhandhandhand----sidessidessidessides ....

Standard formStandard formStandard formStandard form of an LP – a maximization problem 
+ all functional constraints expressed by inequalities of the form ≤≤≤≤
+ all variables nonnegative (≥ 0);

Augmented Augmented Augmented Augmented formformformform of an LP – LP model where 

+ all variables nonnegative (≥ 0) 

+ all functional constraints expressed by equationsequationsequationsequations (using  

nonnegative variables - slack variablesslack variablesslack variablesslack variables or surplus variables);

Augmented solution Augmented solution Augmented solution Augmented solution is a solution to the LP problem in the augmented form.

PropertiesPropertiesPropertiesProperties

PropPropPropProp 5555:::: Every LP problem can be rewritten as an equivalent problem in the maximisation augmented 

form.
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Objective:  Min	! = ∑ <=�=>=?� ⇔ Max −! = ∑ −<= �=>=?� 																							 Min	! = −Max(−! )

Constraints: 

“≤”:     ∑  C=�=>=?� ≤ DC ⟺		∑  C=�=>=?� + �>FC = DC 	∧ 	�>FC≥ 0
“≥ ”: ∑  C=�=>=?� ≥ DC ⟺	∑  C=�=>=?� − �>FC = DC ∧ 	�>FC≥ 0

Variables:  �= ≤ 0 ⟺ �= = −�H= (�H= ≥ 0)
�= 	livre ⟺ �= = �′= − �′′= L�′= = Max 0; �= ≥ 0				�′′= = Max 0;−�= ≥ 0

WritingWritingWritingWriting anananan LP LP LP LP problemproblemproblemproblem as a as a as a as a maximizationmaximizationmaximizationmaximization augmentedaugmentedaugmentedaugmented formformformform problemproblemproblemproblem
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Consider a problem withm equations and ℓ (>m) nonnegative variables. 

Set to zero ℓ − O nonbasic nonbasic nonbasic nonbasic variablesvariablesvariablesvariables (NBVNBVNBVNBV). If possible, in a unique way, solve the system of

linear equations to obtain the value of the remaining O variables – basicbasicbasicbasic variablesvariablesvariablesvariables (BVBVBVBV)  

BBBBasicasicasicasic SolutionSolutionSolutionSolution (BSBSBSBS). 

Basic Basic Basic Basic FeasibleFeasibleFeasibleFeasible SolutionSolutionSolutionSolution (BFSBFSBFSBFS) – is a BS with all variables verifying the signal constraints. 

Otherwise the solution is BasicBasicBasicBasic InFeasibleInFeasibleInFeasibleInFeasible SolutionSolutionSolutionSolution (BIFSBIFSBIFSBIFS). 

1 BFS              1 corner point of the FR (Feasible Region)                        

1 corner point of the FR               at least one BFS

AdjacentAdjacentAdjacentAdjacent basicbasicbasicbasic solutionssolutionssolutionssolutions - only one different BV (In ℝ� - extreme points of a line segment)

DefinitionsDefinitionsDefinitionsDefinitions
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Prototype augmented form
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LP –simplex algorithm
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0. 0. 0. 0. Consider an LP problem in the standard form with all RHS nonnegative.

InitializationInitializationInitializationInitialization

1. Write the problem in the augmented form

2. Determine an initial BFS: NBV = decision variables and solve the system; 

Write the simplexsimplexsimplexsimplex tableautableautableautableau;   [ ⟵ 1
IterationIterationIterationIteration [
3.    IfIfIfIf the values in the Objective Function row ≥ 0, STOPSTOPSTOPSTOP (optimal basic solution found).

OtherwiseOtherwiseOtherwiseOtherwise, EC:EC:EC:EC: Min coeffic. < 0	in the Objective Function row [for the new BV �^]

4.    IfIfIfIf all the coeffic. in the column of the �^variable are  ≤ 0, STOPSTOPSTOPSTOP (unbounded Obj. Function).

OtherwiseOtherwiseOtherwiseOtherwise, LCLCLCLC:::: Min _`abcdeefb.gh	fi	jkd	bclmni	ce	o^ [for the new NBV �p	]
5. Update the simplex tableau ⇨ new BFS: �^ BV;  �p NBV; [ ⟵ [ + 1;  go to 3. 

EC=EC=EC=EC=enteringenteringenteringentering criterium;LCcriterium;LCcriterium;LCcriterium;LC====LeavingLeavingLeavingLeaving criteriumcriteriumcriteriumcriterium....

LP –simplex algorithm (George Dantzig, 1947)
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LP – The Simplex Method
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